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Abstract
Given f P C0pRnq and Λ Ă R2n a finite set we demonstrate the linear independence of the set
of time-frequency translates Gpf,Λq “ tpipλqfuλPΛ when the time coordinates of points in Λ are
far apart relative to the decay of f. As a corollary, we prove that for any f P C0pRnq and finite
Λ Ă R2n there exist infinitely many dilations Dr such that GpDrf,Λq is linearly independent.
Furthermore, we prove that Gpf,Λq is linearly independent for functions like fptq “ cosptq|t| which
have a singularity and are bounded away from any neighborhood of the singularity.
1 Introduction
Consider the translation operator Txf “ fpt´ xq and the modulation operator Mωf “ e2piiω¨tfptq
acting on f P L2pRnq. For λ “ px, ωq P R2n we define the time-frequency shift pipλqf “MωTxf. The
Heil-Ramanathan-Topiwala (HRT) Conjecture [8] states:
Conjecture 1. Suppose f P L2pRq is nonzero and Λ Ă R2 is a finite set. Then the collection of
functions Gpf,Λq “ tpipλqfuλPΛ is linearly independent.
The HRT Conjecture is still open in its most general form, but it has been proven under various
additional assumptions on the function f and the point set Λ [1], [2], [3], [4], [5], [8], [9], [10].
In this paper we will prove Conjecture 1 in cases where the distance between points in Λ is large
relative to the decay of f. For example, we will prove the following theorem. We denote by C0pRnq
the space of continuous functions for which |fptq| Ñ 0 as ||t|| Ñ 8.
Theorem 1. Let f P C0pRnq, let Λ “ tpxi, ωiquNi“1 Ă R2n be a finite set, and fix R so that
|fptq| ă |fp0q|
N´1 for all t outside of the ball of radius R around the origin. If ||xi ´ xj|| ą R whenever
i ‰ j then Gpf,Λq is linearly independent.
The intuition for Theorem 1 is that if the points in Λ are spaced far apart then in any linear
dependence the tails of translates of f must combine to cancel the peaks of f. This requires putting
large coefficients on the translates of f. However by putting large coefficients on the translates of f,
we make the peaks of the translates more difficult to cancel, leading to a contradiction.
Theorem 1 is most effective when |f | drops off steeply near the origin. Given any f P C0pRnq
we can engineer such a steep descent by applying a sufficiently large dilation, assuming fp0q ‰ 0.
We denote by Dr the unitary operator which dilates a function f uniformly along all the coordinate
axes:
Drf “ |r|
n
2 fprt1, . . . , rtnq.
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Corollary 1. Suppose f P C0pRnq and fp0q ‰ 0. Given Λ “ tpxi, ωiquNi“1 Ă R2n there exists r ą 0
such that GpDr1f,Λq is linearly independent for all 0 ă r1 ă r.
Similarly, if f has a singularity away from which it is bounded then we can find translates of f
which have an arbitrarily steep drop off. Thus we can prove Conjecture 1 for such functions.
Theorem 2. Let f be continuous except at a point p where limtÑp |fptq| “ 8. Assume that f
is bounded away from any neighborhood of p. Then Gpf,Λq is linearly independent for any finite
Λ Ă R2n .
In the next section we will prove Theorems 1 and 2 along with some further variations on the same
theme. The spirit of our analysis is most similar to the extension principle in [10], however our
strategy and results are different.
2 Proofs, Examples, and Extensions
The following lemma captures the intuition for Theorem 1 described above:
Lemma 1. Let S “ txiuNi“1 Ă Rn, f P CpRnq, and E “ teiuNi“1 Ă CpRnq such that |eiptq| “ 1 for
all t P Rn . Furthermore, suppose that |fpxi ´ xjq| ă |fp0q|N´1 whenever xi, xj are distinct points in S.
Then the collection of functions teiptqfpt´ xiquNi“1 is linearly independent.
Proof. Assume that the functions teiptqfpt´ xiquNi“1 are linearly dependent, so that for some coef-
ficients tciuNi“1 we have
Nÿ
i“1
cieifpt´ xiq “ 0.
Since f is continuous this equality holds for all t P Rn . If we evaluate the LHS at the point xj we
can rearrange to get the following inequality:
|cj ||fp0q| “
ˇˇˇˇ
ˇ Nÿ
i“1,i‰j
cieipxjqfpxj ´ xiq
ˇˇˇˇ
ˇ
ď
Nÿ
i“1,i‰j
|ci||fpxj ´ xiq|
ă |fp0q|
N ´ 1
Nÿ
i“1,i‰j
|ci|.
After summing all these inequalities and canceling |fp0q| from each side, we see that
Nÿ
j“1
|cj | ă 1
N ´ 1
Nÿ
j“1
Nÿ
i“1,i‰j
|ci| “
Nÿ
j“1
|cj |
which is a contradiction. The last equality follows since each term |ci| appears in exactly N ´ 1 of
the inner sums in the second expression.
Now we can prove our first theorem:
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Proof of Theorem 1. We can apply Lemma 1 with S “ txiuNi“1 and E “ te2piiωi¨tuNi“1. Since the
points xi´xj all lie outside the ball of radius R around the origin, |fpxi´xjq| ă |fp0q|N´1 as required.
Note that we only need to assume that the time coordinates of the points in Λ are spaced far apart
for Theorem 1 to hold. Although the specific value fp0q suspiciously appears in our hypothesis,
Gpf,Λq is linearly independent if and only if GpTxf,Λq is linearly independent for all x P Rn, so we
can always translate f to put the most advantageous value at the origin.
Given Theorem 1, it is straightforward to deduce Corollary 1:
Proof of Corollary 1. Since f P C0pRnq and fp0q ‰ 0, we can find a value R ą 0 such that |fptq| ă
|fp0q|
N´1 for all t outside of a ball of radius R around 0. Applying a dilation Dr, we see that |Drfptq| ă
|Drfp0q|
N´1 whenever t lies outside a ball of radius rR. Let M “ mini,j ||xi ´ xj || be the minimum
distance between any two points in Λ. Then whenever 0 ă r ă M
R
we can apply Theorem 1 to show
that GpDrf,Λq is linearly independent.
Since translations and modulations are exchanged under the Fourier transform, we get an anal-
ogous result in the frequency domain. We denote by fˆ the Fourier transform of f.
Corollary 2. Let f P L1pRnq so that fˆ P C0pRnq. Let Λ “ tpxi, ωiquNi“1 Ă R2n and fix R so that
|fˆpωq| ă |fˆp0q|
N´1 for all ω outside of the ball of radius R around the origin. If ||ωi´ωj|| ą R whenever
i ‰ j then Gpf,Λq is linearly independent.
Proof. First note that yTxf = M´xfˆ and zMωf “ Tω fˆ . Therefore we can define
Λ
1 “ tpωi,´xiq | pxi, ωiq P Λu
and Gpf,Λq is linearly independent if and only if Gpfˆ ,Λ1q is linearly independent. However Theorem
1 immediately applies to show Gpfˆ ,Λ1q is linearly independent.
We have a similar extension of Corollary 1 to the frequency domain.
Corollary 3. Let f P L1pRnq so that fˆ P C0pRnq and let Λ “ tpxi, ωiquNi“1 Ă R2n . Then there
exists a value r ą 0 such that GpDr1f,Λq is linearly independent whenever r1 ą r.
Proof. The proof is the same as for Corollary 1, after noting that yDrf “ D 1
r
fˆ and that the Fourier
transform rotates the time-frequency plane as described in the proof of Corollary 2.
Example 1. Consider the family of functions
fC,ω “
#
cospωtq
|t| |t| ě 1C
C cospωtq |t| ă 1
C
The functions fC,ω are in L
2pRqXC0pRq. Nonetheless they decay slowly at infinity and oscillate
in the tail. To the author’s knowledge, such functions are not covered by the results of [1], [2],
or [10] which assume fast decay at infinity or ultimate positivity. Given Λ “ tpxi, ωiquNi“1 let
M “ mini,j |xi´xj|. Then by applying Theorem 1, we can see that GpfC,ω,Λq is linearly independent
whenever C ą N´1
M
. For the four point set Λ1 “ tp0, 0q, p1, 0q, p0, 1q, p?2,?2qu we have Gpfω,C ,Λ1q
linearly independent whenever C ą 3?
2´1 .
3
Example 1 suggests that the function fptq “ cospωtq|t| should satisfy Conjecture 1 in full, as it is
the pointwise limit of fC,ω as C Ñ 8. This is true, and is implied by Theorem 2 which we are now
ready to prove.
Proof of Theorem 2. Without loss of generality we may assume that p “ 0, since we can always
translate f to place the singularity at the origin. If we fix Λ Ă R2n of size N such that the
minimum distance between the x´coordinates in Λ is R, we would like to find a translate of f
which satisfies |fpt ` xq| ă |fpxq|
N´1 outside the ball of radius R around x. If we can find such an x
then the argument in the proof of Lemma 1 applies to show Gpf,Λq is linearly independent. To find
such an x, we first note that since f is bounded away from 0 we can find A such that |fptq| ă A
outside a ball of radius R
2
around 0. Since limtÑ0 |fptq| “ 8, we can find an x less than R2 such that
|fpxq| ą ApN ´ 1q, and this x satisfies the criteria described above.
Example 2. We can adapt the examples above to find functions in L2pRq satisfying Conjecture 1.
Consider the family of functions
gωptq “
$&%
cospωtq
|t| 14
|t| ă 1
cospωtq
|t| otherwise
The functions gωptq are in L2pRq X C0pRq. Theorem 2 applies to show that they satisfy Conjecture
1.
The previous results apply when all points in Λ are sufficiently far apart in either time or
frequency. By applying the Short Time Fourier Transform (STFT) we can demonstrate linear
independence when the points in Λ are sufficiently far apart in the time-frequency plane. For
f, g P L2pRnq the STFT of f with respect to g is given by
Vgfpλq “ xf, pipλqgy.
It is easy to see [7] that Vgf P C0pR2nq and satisfies the identity
VgTuMηfpx, ωq “ e´2piiu¨ωVgfpx´ u, ω ´ ηq.
Theorem 3. Suppose f, g P L2pRnq so that Vgf P C0pR2nq. Let Λ “ tλiuNi“1 Ă R2n and fix R
so that |Vgfpλq| ă |Vgfp0q|N´1 “ |xf,gy|N´1 for all λ outside of the ball of radius R around the origin. If
||λi ´ λj|| ą R whenever i ‰ j then Gpf,Λq is linearly independent.
Proof. Suppose Gpf,Λq is linearly dependent so that for some coefficients ci we have
Nÿ
i“1
cipipλiqf “ 0.
Then by applying the STFT with respect to g we have
Nÿ
i“1
c1ie
´2piiui¨ωVgfpλ´ λiq “
Nÿ
i“1
c1iVgpipλiqf “ 0
where ui denotes the time coordinate of λi and c1i “ e´2piixiωici. However we can apply Lemma 1 to
Vgf with S “ tλiuNi“1 and E “ te´2piiui¨ωuNi“1 to show that the functions te´2piiui¨ωVgfpλ´ λiquNi“1
must be linearly independent, which is a contradiction.
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3 Discussion
Our Lemma 1 and Theorem 1 demonstrate that Gpf,Λq is linearly independent when the points
of Λ are far apart relative to the decay in f. However our proofs use no properties specific to the
modulations e2piiωt, and apply just as well to functions in LppRnq when n ą 1 and p ą 2. Given
the generality of Theorem 1 and in light of the following example, we can see that Theorem 1 alone
provides only loose evidence for Conjecture 1. It would need to be combined with tools more specific
to Conjecture 1 if we hoped to use it to make further progress.
Example 3. In [6] the authors demonstrate that the function
fpa, bq “
ż 2
3
1
3
exppipa cos´1ptq ` b cos´1p1´ tqqqdt
is in C0pR2q X LppR2q for p ą 4 and satisfies the dependence
2fpa, bq “ fpa` 1, bq ` fpa´ 1, bq ` fpa, b` 1q ` fpa, b´ 1q.
Nonetheless, our Theorem 1 and Corollary 1 can be applied to f, though Theorem 1 clearly does not
rule out the dependence above.
To this end, we can try to apply metaplectic transforms in an attempt to satisfy the hypotheses
of Theorem 1 in more cases. For example, for f P L2pRq and px, ωq P R2 the dilation operator Dr
satisfies
DrMωTxf “Mω
r
TxrDrf.
Given a point set Λ we can apply a large dilation to move the points far apart, but we also stretch
the function f so that it decays very slowly away from the origin. Since the function f stretches at
the same rate that the points are moved apart, Gpf,Λq satisfies the hypotheses of Theorem 1 if and
only if GpDrf,DrΛq does, where DrΛ “ tprx, ωr qupx,ωqPΛ. Thus dilations are no help in furthering
the uses of Theorem 1 for f.
Another useful metaplectic transform is modulation by a linear chirp. If Srfptq “ e2piirt2fptq
then
SrMωTxf “Mω´xrTxSrf.
Similarly, if we let Ur “ ­pe2piirt2q ˚ fptq then
UrMωTxf “M´ωT´x´rωUrf.
For the purposes of applying our theorems, the operators Sr and Ur look promising, as compositions
of them can be used to increase the distance between points in the time-frequency plane. However,
as in the case of dilations, we must understand how compositions of Sr and Ur affect the decay
of f and compare this with the increase in distance between points. The author has not made
substantive progress to demonstrate new examples by applying these transforms, nor has he been
able to rule out their utility.
In another direction, one could try to expand the utility of Theorem 3 by leveraging the choice
of window function as a free variable. One could leave f and Λ fixed but vary the window function
g in an attempt to satisfy the hypotheses. This leads naturally to the question:
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Question 1. Given f P L2pRnq, R ą 0, N ą 0 can we design a window g P L2pRnq so that
|Vgf | ă |xf,gy|N outside the ball of radius R around the origin?
A positive answer to Question 1 would prove the HRT conjecture. We would want to design g so
that Vgf decreases sharply near the origin and then has a fat tail, since we know that the probability
mass of Vgf cannot be too heavily concentrated near the origin due to various uncertainty principles
for the STFT. Alternatively, it may be possible to develop a kind of uncertainty principle which
answers Question 1 negatively.
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